ABSTRACT. We study a portfolio selection problem in a continuous-time Itô-Markov additive market with prices of financial assets described by Markov additive processes which combine Lévy processes and regime switching models. Thus the model takes into account two sources of risk: the jump diffusion risk and the regime switching risk. For this reason the market is incomplete. We complete the market by enlarging it with the use of a set of Markovian jump securities, Markovian power-jump securities and impulse regime switching securities. Moreover, we give conditions under which the market is asymptoticarbitrage-free. We solve the portfolio selection problem in the Itô-Markov additive market for the power utility and the logarithmic utility.
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INTRODUCTION
The portfolio selection problem is an important issue in financial mathematics. The problem is to invest an initial wealth in financial assets so as to maximize the expected utility of the terminal wealth. Markowitz [55] pioneered the use of quantitative methods for the optimal portfolio selection problem and developed the mean-variance approach for portfolio optimization. Explicit solutions for the portfolio selection problem in continuous time were first given by Merton [56, 58] . Although Merton's approach produces significant theoretical results, it has some shortcomings from the practical perspective. The first is related to the assumption that the dynamics of a risky asset follows a geometric Brownian motion. Many investigations (e.g. Black et al. [13] ., Merton [57] ) have suggested that this market model cannot explain some empirical behaviors of financial time series, such as the asymmetry and heavy-tailedness of the distribution of returns of a time-varying conditional volatility. To model this, the stock price driven by a Lévy process is more suitable. The portfolio selection problem on a Lévy market was considered by Niu [62] and Corcuera et al. [18] .
The second important assumption in the original Black-Scholes-Merton model is that the coefficients are fixed. However, this seems to be far from reality, especially if one wishes to consider investment problems under economic uncertainties over a long time period, where structural changes in macroeconomic conditions may occur several times and cause fundamental changes in investment opportunity sets. Good candidates for modeling such behaviors seem to be Markov modulated models (otherwise called regime switching). In such models, one set of model parameters is in force at a particular time according to the state of the economy at that time. The set of parameters will change to another set when there is a transition in the state of the economy, which is usually described by a Markov chain. Hence, regime switching models can describe structural changes in macroeconomic conditions or different stages of business cycles (see Zhang [85] ). Hamilton [40] pioneered econometric applications of regime switching models. These models have diverse applications in finance (see Buffington and Elliott [15] , Di Masi et al. [20] , Elliott et al. [22, 23, 24, 25] , Goldfeld and Quandt [34] , Guo [37] , Naik [61] and Tong [79, 80] ).
In this paper we consider a market with the prices of financial assets described by Itô-Markov additive processes, which combine Lévy processes and regime switching models. Such a process evolves as an Itô-Lévy process between changes of states of a Markov chain, that is, its parameters depend on the current state of the Markov chain. In addition, a transition of the Markov chain from state i to state j triggers an additional jump. The use of Itô-Markov additive processes is widespread, making them a classical model in applied probability with a variety of application areas, such as queues, insurance risk, inventories, data communication, finance, environmental problems and others (see Asmussen [3] , Asmussen and Albrecher [2] , Asmussen et al. [4] , Asmussen and Kella [5] , Cinlar [16, 17] , Ezhov and Skorokhod [26] , Ivanovs and Palmowski [42] , Pacheco and Prabhu [64] , Pacheco et al. [65] , Palmowski and Rolski [66] , Prabhu [69, Ch. 7] and references therein).
There is a growing literature dealing with portfolio optimization problems in markets with nonconstant coefficients. Most of these papers assume that the external process is a diffusion process itself, like in the established volatility model of Heston [41] or in the Ho-Lee and the Vasicek model of Korn and Kraft [50] . Bäuerle and Rieder [11] and Rieder and Bäuerle [72] studied the portfolio optimization problem with an observable and an unobservable Markov-modulated drift, respectively. This problem under stochastic volatility was considered by Pham and Quenez [68] and by Fleming and Hernández-Hernández [28] . In contrast to diffusion volatility, Markov chain volatility has the advantage that many portfolio problems can be solved explicitly. Moreover, a diffusion process can be approximated arbitrarily closely by a continuous-time Markov chain (see Kushner and Dupuis [52] ).
Portfolio optimization problems have also been studied in financial markets with regime switching. One of the first papers is Zariphopoulou [83] in which the author maximizes the utility of consumption under proportional transaction costs in a market where stock returns are determined by a continuous-time Markov chain, and establishes a viscosity property of the value function. The results of Zariphopoulou were extended by many authors, among them Bäuerle and Rieder [11] , Zhang and Yin [87] and Stockbridge [77] . To solve the problem of maximizing the investor's expected utility of terminal wealth, some authors use numerical methods (see Sass and Haussmann [73] , Nagai and Runggaldier [60] , Shen and Siu [75] , Fu et al. [31] ). Several authors have combined regime switching with different types of frictions. Gassiat et al. [32] analyzed a utility maximization problem in a Black-Scholes market with regime switching under liquidity constraints. Jang et al. [45] investigated the portfolio selection with transaction costs. They investigated the impact of the interaction of these two effects on the optimal portfolio and found that the impact of transaction costs on the optimal portfolio becomes more pronounced in the presence of switching regimes. In turn Zhang et al. [86] solved the portfolio selection problem without transition cost in a continuous-time Markovian regime switching Black-Scholes-Merton market. They obtained closed-form solutions for the optimal portfolio strategies in the cases of the logarithmic utility and the power utility. Similar results for a Black-Scholes market with regime switching were obtained by Liu [54] , Guo et al. [38] and Sotomayor and Cadenillas [76] . A discrete time set up was also considered by Yin and Zhou [82] . For the meanvariance portfolio selection problem of this type we refer to Zhou and Yin [88] . Regime switching was also analyzed by Tu [81] in a Bayesian setting with model uncertainty and parameter uncertainty. He showed that the economic cost of ignoring regime switching can exceed 2 percent per year. Bae et al. [6] constructed a program to optimize portfolios in the above mentioned framework and used it to show that the regime information helps avoid risk during left-tail events.
The goal of this paper is to construct a general approach of building the optimal portfolio taking into account the asset jumps and possibility of changing environment by considering asset prices modelled by Itô-Markov additive processes. In particular, we assume that the interest rate and the volatility of the financial assets depend on a continuous-time finite-state Markov chain. Thus our model takes into account two sources of risk: the jump diffusion risk and the regime switching risk. The jump diffusion risk refers to the source of risk due to fluctuations of market prices modelled by a Poisson random measure, while the regime switching risk refers to the source of risk due to transitions of economic conditions.
Due to the presence of these sources of risk our market model is incomplete. In this paper we show how to complete the Itô-Markov additive market model by adding Markovian jump securities, Markovian power-jump securities and impulse regime switching securities. Using these securities all contingent claims can be replicated by a self-financing portfolio. The main idea of completing a Markovian regime switching market is inspired by Corcuera et al. [18, 19] , Guo [37] , Karatzas et al. [48] , Niu [62] and Zhang et al. [84] . Moreover, we give conditions for the market to be asymptoticarbitrage-free, namely, we find a martingale measure under which all the discounted price processes are martingales.
In this paper we also consider the problem of identifying the optimal strategy that maximizes the expected value of the utility function of the wealth process at the end of some fixed period. The analysis is conducted for the logarithmic and power utility functions. To solve the main problem of determining the optimal portfolio we do not use dynamic programming but the direct differentiation approach.
This paper is organized as follows. In Section 2, we present the dynamics of the price process in an Itô-Markov additive market. In Section 3, we enlarge this market by Markovian jump securities, Markovian power-jump securities and impulse regime switching securities. In Sections 4 and 5, we show that the enlarged market is asymptotic-arbitrage-free and complete. In Section 6 we state the portfolio optimization problem and solve it for the power utility and the logarithmic utility function. Moreover, Section 6 gives a relationship between finite and infinite markets.
MARKET MODEL
Let (Ω, F , P) be a complete probability space and let T := [0, T ], for fixed 0 < T < ∞, represents the maturity time for all economic activities. On this probability space we consider the observable and continuous-time Markov chain J := {J(t) : t ∈ T} with a finite state space. The role of the Markov chain is to ensure that the parameters change according to the market environment and the different states of the Markov chain represent the different states of the economy. For simplicity, we follow the notation of Elliott et al. [21] and we identify the state space with the standard basis E := {e 1 , . . . , e N }. Here e i ∈ R N and the jth component of e i is the Kronecker delta δ ij for each i, j = 1, . . . , N . Moreover, the Markov chain J is characterized by an intensity matrix
. The element λ ij is the transition intensity of the Markov chain J jumping from state e i to state e j . We assume
2.1. Risk-free asset. Now we describe the dynamic of the price process of risk-free asset B as follows:
Here r is the interest rate of B and it is modulated by Markov chain J r(t) := r,
where r = (r 1 , . . . , r N ) ′ ∈ R N + and ·, · is a scalar product in R N . The value r i > 1 represents the value of the interest rate when the Markov chain is in the state space e i .
Risky asset.
We consider the market with a price of risky asset described by Itô-Markov additive processes. A process (J, X) = {(J(t), X(t)) : t ∈ T} on the state space {e 1 , . . . , e N } × R is a Markov additive process (MAP) if (J, X) is a Markov process and the conditional distribution of (J(s+t), X(s+t)−X(s)) for s, t ∈ T, given (J(s), X(s)), depends only on J(s) (see Ç inlar [16, 17] ). Every MAP has a very special structure. It is usually said that X is the additive component and J is the background process representing the environment. Moreover, the process X evolves as a Lévy process while J(t) = e j .
Following Asmussen and Kella [5] we can decompose the process X as follows:
where
and for the jump epochs {T n } of J. Here U (i) n (n ≥ 1, 1 ≤ i ≤ N ) are independent random variables which are also independent of X such that for every fixed i, the random variables U (i) n are identically distributed. Note that we can express the process Ψ i as follows:
for the point measure
Moreover, we define the compensated point measureΠ The first component in definition (2) is an Itô-Lévy process and it has the following decomposition (see Oksendal and Sulem [63, p. 5] ):
where W denotes the standard Brownian motion independent of J andΠ(dt, dx) := Π(dt, dx) − ν(dx)dt is the compensated Poisson random measure which is independent of J and W . Furthermore, we define
+ and the vector-valued measurable function γ(x) := γ 1 (x), . . . , γ N (x) . The measure ν is the so-called jump-measure identifying the distribution of the sizes of the jumps of the Poisson measure Π. The components X and X in (2) are conditionally, on the state of the Markov chain J, independent.
Additionally, we suppose that the Lévy measure satisfies, for some ε > 0 and ̺ > 0,
and that the characteristic function E[exp(kuX)] is analytic in a neighbourhood of 0. Moreover, X has moments of all orders and the polynomials are dense in L 2 (R, dϕ(t, x)), where ϕ(t, x) := P X(t) ≤ x . Now we are ready to define the main process in this paper. The process (J, X) = {(J(t), X(t)) : t ∈ T} (for simplicity sometimes we write only X) with the decomposition (2) is called an Itô-Markov additive process.
This process evolves as the Itô-Lévy process X between changes of states of the Markov chain J, that is, its parameters depend on the current state e i of the Markov chain J. In addition, transition of J from e i to e j triggers a jump of X distributed as U (i) n . This is a so-called non-anticipative Itô-Markov additive process.
Itô-Markov additive processes are a natural generalization of Itô-Lévy processes and thus of Lévy processes. Moreover, the structure (2) explains the used name and can be seen as Markov-modulated Itô-Lévy process. Indeed, if γ(s, x) = x then X is a Markov additive process. If additionally N = 1, then X is a Lévy process. If U (i) ≡ 0 and N > 1 then X is a Markov modulated Lévy process (see Pacheco et al. [65] ). If there are no jumps, that is,Π(ds, dx) = 0, we have a Markov modulated Brownian motion.
To describe the price of the risky asset we use the Itô-Markov additive process. We interpret the coefficient µ 0 defined in (6) as the appreciation rate and σ 0 defined in (7) as the volatility of the risky asset for each i = 1, . . . , N . In a similar way, µ i 0 and σ i 0 represent the appreciation rate and the volatility of the risky asset , respectively, when the Markov chain is in state e i . The condition
is required to avoid arbitrage opportunities in the market. We assume the evolution of the price process of the risky asset S 0 is governed by the Itô-Markov additive process as follows:
ENLARGING THE ITÔ-MARKOV ADDITIVE MARKET
Now we enlarge the primary market by some financial assets: Markovian jump securities, Markovian power-jump securities and impulse regime switching securities in order to complete the market. From now, we will work with the following filtration on (Ω, F , P):
where N are the P-null sets of F and
Note that the filtration {F t } t≥0 is right-continuous (see Karatzas and Shreve [49, Prop. 7.7 ] and also Protter [70, Thm. 31 ] ). By the same arguments as in the proof of Thm. 3.3. of Liao [53] , the filtration {G t } t≥0 is equivalent to
3.1. Markovian jump securities. Let T n (n = 1, 2, . . .) denote the jump epochs of the chain J, where 0 ≤ T 1 ≤ T 2 ≤ . . . We observe that the Markov chain J can be represented in terms of a marked point process Φ j defined by
Note that the process Φ j describes the number of jumps into state e j up to time t. Let φ j be the dual predictable projection of Φ j (sometimes called the compensator). That is, the process
is a {F t }-martingale and it is called the jth Markovian jump martingale. Note that φ j is unique and
. Now we consider geometric Markovian jump securities S j (for j = 1, . . . , N) with evolution of prices described by marked point martingales as follows:
where the appreciation rate µ j and the volatility σ j are given by
3.2. Markovian power-jump securities. Following Corcuera et al. [19] we introduce the power-jump processes
where ∆X(s) = X(s) − X(s−). We set X (1) (t) = X(t). The process X (k) is also an Itô-Lévy process with the same jump times as the original process X but with their sizes being the kth powers of the jump sizes of X. From Protter [70, p. 29] we have
for J t := σ{J(s) : s ≤ t}. Hence the processes
are {F t }-martingales (called Teugels martingales of order k; see Schoutens [74] for details). Indeed, since X is {F t }-adapted by Jacod and Shiryaev [44, Prop. 1.25 ] the process ∆X is also {F t }-adapted.
Furthermore, the integral of an {F t }-adapted process with respect to an {F t }-adapted stochastic measure or an {F t }-adapted stochastic process is still {F t }-adapted (see Jacod and Shiryaev [44, Prop. 3.5 and Thm. 4.
We additionally enlarge the market with a series of Markovian kth-power-jump assets S (k) (for k ≥ 2). The price process of S (k) is described by the stochastic differential equation
where the coefficients are determined by the Markov chain J, namely:
3.3. Impulse regime switching securities. We will also need power martingales related to the second component of X given in (2), namely to X or to Ψ i , defined in (3). For l ≥ 1 and i = 1, . . . , N we define
i is called an impulse regime switching martingale if
n ∈ dx). Using similar arguments to those above it follows that Ψ (l) i is an {F t }-martingale for l ≥ 1 and i = 1, . . . , N .
We characterize the evolution of impulse regime switching securities S (l) i as follows:
. . , N and l ≥ 1). Combining (1), (10), (13) , (14) and (15) we get an enlarged Itô-Markov additive market:
for i, j = 1, . . . , N , k ≥ 2 and l ≥ 1. In Section 5, we will prove that under a new martingale measure this market is complete. Note that
i are artificial parameters and can be changed later.
Corcuera et al. [19] motivate trading in power-jump assets as follows. A power-jump process of order two is just a variation process of degree two, i.e. a quadratic variation process (see BarndorffNielsen and Shephard [7, 8] ), and is related to the so-called realized variance. Contracts on realized variance have found their way into OTC markets and are now traded regularly. Typically a 3th-power-jump asset measures a kind of asymmetry ("skewness") and a 4th-power-jump process measures extremal movements ("kurtosis"). Trade in such assets can be of use if one likes to bet on the realized skewness or realized kurtosis of the stock. Furthermore, an insurance contract against a crash can also be easily built from 4th-power-jump (or ith-power-jump, i > 4) assets. One can also consider financial-insurance contracts that hedge Lévy jumps, e.g. COS and CDS contracts.
MARTINGALE MEASURE AND ASYMPTOTIC ARBITRAGE
Considering a financial market containing an infinite number of assets, Kabanov and Kramkov [46] introduced the notion of large financial market. This type of market is described by a sequence of market models with a finite number of securities each, also called small markets. In [46] , the authors introduce an extension of the classical approach to arbitrage theory, namely arbitrage in a large financial market, called asymptotic arbitrage. A deep study of asymptotic arbitrage has been carried out by Kabanov and Kramkov [47] and Björk and Näslund [12] .
In this section we identify a martingale measure in our Itô-Markov additive market and prove that this market model is asymptotic-arbitrage-free.
Let us start with the definition of asymptotic arbitrage. An asymptotic arbitrage is when we have a sequence of strategies such that, for some real number c > 0, the value process V n on a finite market satisfies:
• V n (t) ≥ −c for each 0 < t ≤ T and for each n ∈ N, • V n (0) = 0 for each n ∈ N, [12, Prop. 6 
Proposition 2. (Björk and Näslund

.1]). If there exists a martingale measure Q equivalent to P then the market is asymptotic-arbitrage-free.
Now we will find a measure Q under which the discounted price processes are martingales. Let L 2 (W ) be the set of all predictable, {F t }-adapted processes ξ such that
Proposition 3. (Boel and Kohlmann
is a local martingale. If additionally Eℓ(t) = 1 then it is a true martingale.
From now on, we assume that Eℓ(t) = 1. Let Q be the probability measure defined by the RadonNikodym derivative
Then ℓ, given in (17) , is the density process for the new martingale measure Q. By adding a superscript Q we denote processes observed under this new measure. By a generalized version of Girsanov's theorem for jump-diffusion processes we have the following theorem: 
Moreover, for j = 1, . . . , N , the process Φ j given in (11) under the measure Q is a martingale and takes the form
that is, the unique predictable projection of Φ j under Q is given by Note that Ψ (l)
U andΠ do not change their laws under the new measure Q. Moreover, under Q the price processes are represented as follows:
for i, j = 1, . . . , N , k ≥ 2 and l ≥ 1. Note that in the above equation we can take r(t) = r(t−), µ j (t) = µ j (t−) and σ j (t) = σ j (t−) (for j = 0, 1, . . . , N ). In fact, by stochastic integration by parts, the discounted price processes are governed by
i to be martingales (for i, j = 1, . . . , N , k ≥ 2 and l ≥ 1). A necessary and sufficient condition for this to hold is given by the following equations:
Note that λ j (t) = 0 if J(t−) = e j . Thus in this case, if µ j j = r j , the martingale condition would never be satisfied. Therefore, the discounted price processes of all securities in the enlarged market would not be martingales under Q. Thus we have to assume that µ j j = r j for all j = 1, . . . , N to make the market asymptotic-arbitrage-free. From (19) , when λ j (t) = 0 (i.e. J(t−) = e j ), the processes ψ 0 and ψ j are determined by
Note that ψ 0 and ψ j (j = 1, . . . , N ) are bounded. Hence by Remark 5 the density process ℓ is a true martingale. Note that ψ j (j = 1, . . . , N ) satisfies the assumptions of Proposition 3. We can only determine ψ j when J(t−) = e j for j = 1, . . . , N but this is sufficient to determine the equivalent martingale measure Q. Indeed, if J(t−) = e j for j = 1, . . . , N , then φ j (t) = 0 and ψ j has no influence on the value of the right side of (17) . The above analysis yields the following theorem.
Theorem 6.
Assume that µ j j = r j for all j = 1, . . . , N and ψ 0 and ψ j are given by (20) . Then the discounted price processes of the securities in the enlarged market (18) are martingales under Q and this market is asymptotic-arbitrage-free.
From now on we assume that µ j j = r j for all j = 1, . . . , N .
ASYMPTOTIC COMPLETENESS OF THE ENLARGED MARKET
Now we will analyze asymptotic completeness of the enlarged Itô-Markov additive market. A market is said to be complete if each claim can be replicated by a strategy, that is, the claim can be represented as a stochastic integral with respect to the asset prices. We take as class of contingent claims the set L 2 (Ω, F , Q) of square integrable random variables under the equivalent martingale measure; then a self-financing strategy will be represented as an integrable process and the value of a self-financing portfolio will be represented as the stochastic integral of the strategy with respect to the assets. In the case of market models with an infinite number of assets we define completeness in terms of approximate replication of claims. For finite market asset, completeness is equivalent to uniqueness of the equivalent martingale measure. In the case of large markets this property does not occur. Artzner and Heath [1] constructed a financial market with countably many securities for which there are two equivalent martingale measures under which the market is approximately complete. In the context of a large financial market, Bättig [9] and Bättig and Jarrow [10] proposed a definition of completeness which is independent of either the notion of arbitrage-free or equivalent martingale measures. Bättig [9] also provided an example where the existence of an equivalent martingale measure can exclude the possibility of replicating a claim, to show how the two notions of arbitrage-free and completeness are independent in practice.
Under Q the price processes of the securities in the arbitrage-free market have the following representations:
for i, j = 1, . . . , N , k ≥ 2 and l ≥ 1. We will show that the enlarged market (21) is asymptotically complete in the sense that for every square-integrable contingent claim A (i.e. a non-negative square-integrable random variable in L 2 (Ω, F , Q)) we can set up a sequence of self-financing portfolios whose final values converge in
These portfolios will consist of a finite number of risk-free asset, risky asset, kth-power-jump assets, jth geometric Markovian jump security and impulse regime switching securities. We will make use of the following Martingale Representation Property. [67] ) Any square-integrable, {F t }-adapted Q-martingale M can be represented as follows:
Theorem 7. (Palmowski, Stettner and Sulima
i are predictable processes (for i, j = 1, . . . , N , k ≥ 2 and l ≥ 1).
Remark 8.
The right-hand side of (22) is understood as follows. We take finite sums
is a Hilbert space, the right-hand side of (22) is understood as the limit of the above expressions in L 2 (Ω, F , Q) as K → ∞.
We are ready to prove the main result of this section.
Theorem 9. The market (21) under Q is asymptotically complete.
Proof. We consider a square-integrable contingent claim A with maturity T . Let
By the Martingale Representation Property given in Theorem 7 we see that (24) lim
we introduce the sequence of portfolios
We assume that all processes in θ K are predictable and
Here α K corresponds to the number of risk-free assets, β 0 is the number of stocks, β j (j = 1, . . . , N ) is the number of units of the jth geometric Markovian jump security, β (k) (k = 2, . . . , K) is the number of assets S (k) , and β i . We construct the portfolio θ K as follows:
The proof shows that all stochastic integrals for this portfolio are well-defined. Note that,
We claim that {θ K , K ≥ 2} is the sequence of self-financing portfolios which replicates A. Indeed, by (25) and (26), the value V K of the portfolio θ K is expressed by
)B(t).
Thus the sequence of portfolios {θ K , K ≥ 2} replicates the claim A. We denote
the gain process, i.e. the gains or losses obtained up to time u by following θ K . We will show
which implies that the portfolio is self-financing. Note that from (24) we have
Thus the portfolios with infinitely many assets are self-financing as well. Inserting equations (25) into (27) we derive
From the Martingale Representation Property given in Theorem 7, the first component of the above sum has the form
Now, using equation (23) and fact that B(0) = 1, we can rewrite the above as follows:
Inserting the above equality into (29) , the gain process can be written as:
Thus equation (28) holds true and the portfolio θ K is self-financing.
OPTIMAL PORTFOLIO SELECTION IN AN ITÔ-MARKOV ADDITIVE MARKET
In this section we solve the optimization problem related to identifying the optimal strategy that maximizes the expected value of the utility function of the wealth process at the end of some fixed period. The analysis is conducted for the logarithmic and power utility functions.
Recall that our Itô-Markov additive market is given by (16) . Equations (14) and (15) can be rewritten as follows:
for i = 1, . . . , N , k ≥ 2 and l ≥ 1. Note that we consider the price processes with respect the original probability measure P.
We consider an agent who invests his initial wealth in financial assets in our market in order to maximize the expected utility of the terminal wealth. We restrict ourselves to self-financing portfolio strategies. Denote by π 0 the proportion of wealth invested in stock. Let
and π i , respectively. The balance of the investor's wealth is invested in the risk-free asset. We denote by π(t) = (π 0 (t), π 1 (t), . . . , π N (t), π (2) (t), . . . , π
2 (t), . . .) a portfolio strategy. We do allow short selling, but we assume that the wealth process is nonnegative at any instant (see Teplá [78] ).
Let K < ∞ be the number of different assets held by the investor in his portfolio. The wealth process R K π for the first K assets is governed by the following stochastic differential equation (for
Note that in (30) we can take r(t) = r(t−), µ j (t) = µ j (t−) (j = 0, 1, . . . , N ),
. Let A be the class of admissible portfolio strategies π such that π is predictable, 
In other words, for π ∈ A we require that,
Remark 10. Note that (31) holds true if
and
Indeed, the convergence (31) follows directly from our assumptions: from the triangle inequality and the inequality (see Fechner [27] )
we get
Let U denote a utility function of the investor, which is strictly increasing, strictly concave and twice differentiable, that is, U ′ > 0 and U ′′ < 0.
For each (t, z) ∈ T × R + and each i = 1, . . . , N we define
where E t,z,i is the conditional expectation given R π (0) = z and J(t) = e i under P. The expectation above is understood in the limiting sense, that is, we limit the set of admissible strategies A to the strategies π such that lim
exists and is finite. In other words,
Then the value function of the investor's portfolio selection problem is defined by
Lemma 11. Under assumption (31) equation (32) holds true.
Proof. We define
given in (31) implies the convergence in probability of Jacod and Protter [43, Thm. 17.2] ). Thus, for the bounded and continuous function U M given in (6) we have
(see Jacod and Protter [43, Thm. 18 .1]). Note that
From the concavity of U it follows that U (z) ≤ b + cz for each z ≥ 0 and some real b, c ≥ 0. Thus the second term on the right-hand side in (34) satisfies
Now, we will prove that
Note that
Indeed, from the triangle inequality we obtain
Moreover, using Hölder's inequality we get
Finally, from the triangle inequality and Hölder's inequality we derive
Combining (37), (38) , (39) and (40) we get the inequality (36) . Now, we will prove that
First, we verify this convergence in probability. Indeed, for any ε > 0 there exists δ > 0 such that
The right-hand side of the above inequality tends to zero as K → ∞ since the convergence in probability of R K π to R π yields the convergence in probability of U (R K π ) to U (R π ) (see Jacod and Protter [43, Thm. 17.5] ). Moreover, we have
is uniformly integrable and lim By (31) and (41), the right-hand side of inequality (36) tends to 0 as K → ∞. This completes the proof of (35) . From (35) it follows that
is well-defined. Thus as M → ∞, the second term on the right-hand side of (34) tends to zero. Moreover, the first term converges to E t,z,i U R π (T ) . This completes the proof.
Our main goal is to identify the value function given in (33) . In what follows, we consider two risk-averse utility functions, namely, the logarithmic utility and the power utility.
6.1. Logarithmic utility. In this subsection, we derive the optimal portfolio strategy in the case of a logarithmic utility function of wealth, namely
Recall that in A we consider only the strategies for which (42) lim
of the following system of equations (for i, j = 1, . . . , N, k ≥ 2 and l ≥ 1 ): 
which belongs to A, that is, in particular, satisfies (31) and (42) . Then the optimal portfolio strategy for the portfolio selection problem (33) with logarithmic utility function of wealth is one of those solutions.
Proof. The conditional expectation of the logarithm of the wealth process has the following form (for t ∈ [0, T )):
Therefore the optimal value function V can be written as
Thus, to determine the optimal portfolio strategy, it is sufficient to maximize F . Indeed, the maximization of the function F π 0 (s), π 1 (s), . . . , π N (s), π (2) (s), . . . , π we obtain conditions (43) which the optimal strategies have to satisfy. Observe that from (9) the integrals
and (for i = 1, . . . , N )
are well-defined. Hence by the Leibniz integral rule we can interchange the above mentioned derivatives and the integrals. 6.2. Power utility. In this subsection, we derive the optimal portfolio strategy in the case of the power utility function, namely U (z) = z α for α ∈ (0, 1).
We assume that for each π ∈ A,
Theorem 14. Assume that there exists a solution
of the following system of equations (for i, j = 1, . . . , N, k ≥ 2 and l ≥ 1):
which belongs to A, that is, in particular, it satisfies (31) and (44) . Then the optimal portfolio strategy for the portfolio selection problem (33) with power utility function of wealth is one of those solutions.
Proof. From Itô's formula (see Protter [70, Thm. 32] ) for the power utility function of wealth, we obtain (for s ∈ [t, T ] and t ∈ [0, T ])
From this and (33) the value function is given by
By direct differentiation with respect to each strategy, this supremum is attained if the strategies satisfy system (45) . Observe that from (9) the integrals
are well-defined. Hence by the Leibniz integral rule we can interchange the derivatives and integrals. (33) for the logarithmic and power utilities (see Zhang et al. [86] ). In addition, the value function in the primary market is the same as in the enlarged market, while in our market this does not occur.
OPTIMAL PORTFOLIO SELECTION IN THE ORIGINAL MARKET
In this section, we will find conditions for optimal portfolio strategies in the original market, i.e. in the market with one risk-free asset and one share. Letπ 0 be the proportion of wealth invested in share S 0 in the original market. Then the corresponding wealth process, denoted as Rπ 0 , is given by the stochastic differential equation dRπ 0 (t) Rπ 0 (t−) := r(t−) +π 0 (t) µ 0 (t−) − r(t−) dt +π 0 (t)σ 0 (t−)dW (t) +π 0 (t) R γ(t−, x)Π(dt, dx) +π 0 (t)
dx).
Let A 0 be the class of admissible portfolio strategiesπ 0 such thatπ 0 is predictable, {F t }-adaptable and satisfies the condition We assume E t,z,i U (Rπ 0 (T )) < ∞ for i = 1, . . . , N .
First, we will consider the logarithmic utility function. We have E t,z,i log Rπ 0 (T ) = log z + E t,z,i 
Lemma 17.
The solutions of equations (46) and (47) are optimal strategies for the portfolio selection problem (46) for the logarithmic and power utilities, respectively.
Proof. We will prove that solutions of equations (46) and (47) are optimal portfolio strategies; their existence was proved by Kramkov and Schachermayer [51] . Letπ (46) and (47) . Thus the optimal portfolio strategies solve these equations. The existence and uniqueness of the optimal strategies follows from Kramkov and Schachermayer [51] . In that paper the main assumption concerns the utility function, which has to have asymptotic elasticity strictly less than 1, that is,
Note that the power and logarithmic utilities satisfy this condition. [35, 36] obtained the optimal solution explicitly in terms of semimartingale characteristics of the price process for the logarithmic utility.
Remark 18. In a general semimartingale market model, Goll and Kallsen
